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Abstract
Models of magnetohydrodynamic (MHD) equilibia that for computational con-
venience assume the existence of a system of nested magnetic flux surfaces tend to
exhibit singular current sheets. These sheets are located on resonant flux surfaces
that are associated with rational values of the rotational transform. We study the
possibility of eliminating these singularities by suitable modifications of the plasma
boundary, which we prescribe in a fixed boundary setting. We find that relatively
straightforward iterative procedures can be used to eliminate weak current sheets
that are generated at resonant flux surfaces by the nonlinear interactions of res-
onating wall harmonics. These types of procedures may prove useful in the design
of fusion devices with configurations that enjoy improved stability and transport
properties.
Keywords: magnetohydrodynamic equilibria; nested flux surfaces; singular current sheets;
rational rotational transform; nonlinear mode coupling
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1 Introduction
We describe a modification of the magnetohydrodynamic (MHD) equilibrium and stabil-
ity code NSTAB [15] in order to study the effect of wall perturbations on resonant flux
surfaces where singular current sheets are often observed. NSTAB (and our modified
version of NSTAB) solves the governing equations
J×B = ∇p, J = ∇×B, ∇ ·B = 0, (1)
where B is the magnetic field, J is the current density, p is the plasma pressure, and
to simplify the notation we normalized the magnetic permeability to unity. The first
equation in (1) is the basic force balance in the plasma, the second defines the current
density, and the third expresses the solenoidal nature of the magnetic field.
NSTAB is a fixed boundary code, meaning that the plasma boundary ∂V of the toroid
plasma volume V is considered to be given with a prescribed shape. NSTAB equilibria
are stationary points of the energy functional [9, 11, 15]
E =
∫
V
{ |B|2
2
− p
}
dV, (2)
which is extremized over solenoidal fields B that have vanishing normal flux at the
boundary of V . Following [2, 3, 4, 10, 15], an assumption of nested flux surfaces is used
in formulating the model, and the problem is recast as a variational principle over a
class of functions that satisfy this constraint. Although the assumption of nested flux
surfaces provides significant computational advantages, the price to be paid is that this
assumption can introduce singularities in the solution [6, 7, 12, 14], as will be discussed
in some detail.
To implement the constraint of nested flux surfaces the toroidal flux itself is introduced
as an independent variable, and the variational principle is posed in a fixed computational
domain that is defined in terms of the independent variables (s, u, v) in a unit cube. Here
s is the normalized toroidal flux with 0 < s < 1, and u and v are normalized poloidal
and toroidal angles. Since B ·∇p = 0, the pressure is constant on an ergodic flux surface,
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and the problem formulation is completed by prescribing the pressure field p(s) and the
rotational transform ι(s) [1] as functions of the flux label s.
Figure 1: NSTAB computation of four cross-sections of a torus with aspect ratio
A = 5. From left to right and top to bottom, the normalized toroidal angles are
v = 0, v = 1/4, v = 1/2 and v = 3/4. The pressure is given by p(s) = 0.01(1− s2)2,
and the rotational transform is ι(s) = 0.6+0.1s. The observed spacing of the displayed
flux surfaces (contours of constant s) reflects a singular current sheet that occurs at
a resonant flux surface where ι(s) = 2/3, and the surfaces display a corresponding
symmetry with poloidal and toroidal mode numbers (m,n) = (3, 2).
The singularities in this model tend to occur on so-called resonant flux surfaces where
the rotational transform assumes rational values, ι(s) = n/m. These singularities can be
interpreted as current sheets located at the resonant flux surfaces which are present to
prevent the formation of islands that would otherwise develop in an equilibrium without
the constraint of nested flux surfaces [12]. An example of an NSTAB calculation with
current sheets is shown in Fig. 1, where the flux surfaces alternately bunch up and
spread out around a resonant surface where ι(s) = 2/3. The (3, 2) symmetry of the
resonance is clear in the cross-sections of the flux surfaces at four stations around the
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torus, and the local distortions occur at points where the Jacobian ∂(x, y, z)/∂(s, u, v) of
the mapping from computational to physical coordinates assumes large or small values.
These local distortions are representative of the tendency of the equilibrium to allow
for magnetic islands, if the constraint of nested flux surfaces were relaxed. The relation
between the singular current sheet, as reflected in the behavior of the mapping Jacobian,
and the prescribed wall geometry is the subject of this study, which will be conducted
numerically in a simplified geometry. A detailed theoretical discussion of the underlying
differential equations requires the machinery of KAM theory [8] which hinges upon the
occurrence of “small divisors” in the problem. These present significant numerical issues
for convergence under mesh refinement; here we will confine our attention to the numerical
treatment of the underlying discretized model in which the problem of small divisors is
sidestepped by restricting the degrees of freedom in the angular coordinates [6].
Desirable MHD equilibria with good particle confinement typically feature a large
fraction of the plasma volume with nested flux surfaces, and few, narrow magnetic islands
with correspondingly small regions with magnetic field stochasticity surrounding them.
A corresponding NSTAB equilibrium would exhibit only weak current sheets at resonant
surfaces. In this paper, we explore the possibility of prescribing the shape of the fixed
plasma boundary in such a way that resonant singularities are suppressed. To do so, we
have examined a modified form of NSTAB that is suitable for a slab geometry, in a doubly-
periodic domain that is bounded by two given flux surfaces. We chose to consider this
simplified geometry, corresponding to a topological torus without the curvature effects
of a true torus, in order to avoid complications associated with the magnetic axis [2, 3,
4, 15, 16] that is surrounded by the innermost flux surface in a toroidal geometry, which
represents a coordinate singularity requiring special numerical treatment. Our work is
motivated by the recent analysis of Weitzner [16], which suggests that one can tailor the
outermost flux surface in order to avoid resonance-induced singularities. The present
study shares many similarities with the recent work of Mikhailov, Nu¨hrenberg and Zille
[14], with the following notable differences. Mikhailov et al. remove singularities in
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true toroidal stellarator equilibria computed with VMEC [10], as opposed to the slab
geometry in the present work. On the other hand, we will show that we can adjust the
outermost flux surface in order to remove singularities at multiple resonant flux surfaces,
whereas Mikhailov et al. only focused on the removal of a single singularity. In addition,
we demonstrate that the method also applies to equilibria with pressure profiles with a
finite pressure gradient throughout the plasma volume, whereas in their work based on
VMEC equilibria, Mikhailov et al. flattened the pressure profile in the neighborhood
of the resonant flux surface before removing the current sheet through an appropriate
boundary perturbation.
The structure of this article is as follows. In the next section, we present the for-
mulation for the slab version of NSTAB, which we have called NSLAB. In the following
section, we derive a linearized model starting from the NSLAB formulation, in which
the singularity at resonant flux surfaces appears explicitly. We then present numerical
results for the full set of nonlinear governing equations, and end the article with some
conclusions and suggestions for future work.
2 A slab version of NSTAB: NSLAB
2.1 Governing equations
We describe a modification of the stellarator equilibrium code NSTAB [15], denoted
“NSLAB,” that solves the governing equations (1) in a topological torus, or slab geometry,
allowing us to avoid dealing with the magnetic axis that occurs in a toroidal geometry.
The physical domain is assumed to be doubly periodic in x and y, which play the role of
the “poloidal” and “toroidal” angles in this simplified geometry. The fields have periods
Lx and Ly, with x = Lxu and y = Lyv, where 0 ≤ u ≤ 1 and 0 ≤ v ≤ 1. The mapping
to physical space x = x(s, u, v) is given by
x = Lxu, y = Lyv, z = z0(u, v) +R(s, u, v)[z1(u, v)− z0(u, v)], (3)
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where z0(u, v) and z1(u, v) are the coordinates of the lower and upper flux surfaces,
corresponding to s = 0 and s = 1, respectively, with R(0, u, v) = 0 and R(1, u, v) = 1,
and where we follow the dimensionless treatment of the governing equations used in
NSTAB [15], wherein the characteristic length scale is given by the minor radius. The
monotonicity of R(s, u, v) as a function of s incorporates the assumed constraint of nested
flux surfaces. In physical space, the flux surfaces are the graphs of the function z(s, u, v)
as a function of u and v for constant s.
The solenoidal magnetic field B(s, u, v) is represented in terms of a Clebsch potential
ψ(s, u, v) as
B = ∇ψ ×∇s = Butu +Bvtv, (4)
where the contravariant basis vectors are
tu =
∂x
∂u
= Lxx̂ +
[
]
∂z0
∂u
+R
(
∂z1
∂u
− ∂z0
∂u
)
+ (z1 − z0) ∂R
∂u
]
ẑ, (5)
tv =
∂x
∂v
= Lyŷ +
[
]
∂z0
∂v
+R
(
∂z1
∂v
− ∂z0
∂v
)
+ (z1 − z0) ∂R
∂v
]
ẑ, (6)
ts =
∂x
∂s
= (z1 − z0) ∂R
∂s
ẑ. (7)
Here x̂, ŷ, and ẑ are unit vectors in the x, y, and z directions. The Jacobian of the
coordinate transformation is given by
J(s, u, v) =
∂(x, y, z)
∂(s, u, v)
= ts · tu × tv = Lx Ly [z1(u, v)− z0(u, v)] ∂R
∂s
(s, u, v), (8)
and the contravariant components of B are
Bu(s, u, v) =
1
J
∂ψ
∂v
(s, u, v), Bv(s, u, v) = − 1
J
∂ψ
∂u
(s, u, v). (9)
We observe that since Eq. (4) may also be written as B = ∇×(ψ∇s), we may interpret ψ
as the s-component of a covariant vector potential A = ψ∇s, so that the corresponding
current density is J = ∇× [∇× (ψ∇s)].
With this representation, the dependent variables in NSLAB areR(s, u, v) and ψ(s, u, v),
which satisfy partial differential equations that result from the the first variation of the
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energy (2),
0 = δE =
∫∫∫
[L1(ψ)δψ + L2(R)δR] ds du dv. (10)
The Euler-Lagrange equations L1(ψ) = 0 and L2(R) = 0 can be written in the form [15]
L1(ψ) =
∂Bu
∂v
− ∂Bv
∂u
= 0 (11)
L2(R) =
∂ψ
∂u
[
∂Bs
∂v
− ∂Bv
∂s
]
− ∂ψ
∂v
[
∂Bs
∂u
− ∂Bu
∂s
]
+ p′(s)J = 0. (12)
These equations are expressed in terms of the covariant components of B,
B = Bs∇s+Bu∇u+Bv∇v, (13)
where
Bs = ts ·B, Bu = tu ·B, Bv = tv ·B. (14)
We note that the current density J = ∇×B can be written as
J = Jsts + J
utu + J
vtv, (15)
where the contravariant components of J are
Js =
1
J
(
∂Bv
∂u
− ∂Bu
∂v
)
, Ju =
1
J
(
∂Bs
∂v
− ∂Bv
∂s
)
, Jv =
1
J
(
∂Bu
∂s
− ∂Bs
∂u
)
. (16)
These expressions give us clear interpretations for Eq. (11) and Eq. (12). Eq. (11) ex-
presses the fact that the force balance condition J×B = ∇p implies that Js = J ·∇s = 0.
Eq. (12) is the s-component of the force balance (expressed in covariant form).
We denote by Jp(s, u, v) the quantity
Jp =
J ·B
|B|2 =
JuBu + J
vBv
|B|2 , |B|
2 = BuBu +B
vBv. (17)
In a slight abuse of vocabulary, for the remainder of the article we will simply refer to Jp
as the parallel current, although the actual parallel current density has instead a single
power of |B| in the denominator.
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Following the normalization for ψ(s, u, v) adopted in [15], we write
ψ(s, u, v) = pi[u− ι(s)v] + ψ˜(s, u, v), (18)
where ψ˜ is periodic in u and v. Although ψ is multi-valued, from Eq. (4) this representa-
tion leads to a single-valued magnetic field with poloidal and toroidal fluxes determined
by the rotational transform ι(s). We also note that Eq. (11) determines ψ˜ only up to an
arbitrary function of s, which we specify by requiring the mean Fourier harmonic ψ˜00(s)
to vanish.
Figure 2: NSLAB computation of a slab equilibrium as described in section 2, for
Lx = Ly = 1, the pressure profile p(s) = 0.01(1 − s2)2, the rotational transform
profile ι(s) = 0.5 + 1.0s, a flat lower flux surface, z0(u, v) = 0, and an upper flux
surface given by z1(u, v) = 1 + 0.1 cos 2pi(u− v). The plots show various flux surfaces
z = z(s, u, v) for constant s versus the poloidal angle u at four toroidal angles v = 0,
v = 1/4, v = 1/2, and v = 3/4 (from left to right and from top to bottom).
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2.2 Numerical Scheme
The nonlinear governing equations (11) and (12) are solved numerically following the
procedure given in [15]. In brief, the equations are discretized using second-order-accurate
finite differences in s, with a pseudospectral representation in the angular variables u
and v. A staggered mesh in s is employed, with L2(R) evaluated at nodes, and L1(ψ)
evaluated at centers; this allows a conservative difference scheme with a compact stencil
[2] that can capture singularities over two or three mesh points, as illustrated in the
numerical results below.
A second-order Richardson method is used to solve the resulting equations iteratively.
This scheme can be viewed as introducing an artificial time t, and solving
aψ
∂2ψ
∂t2
+ eψ
∂ψ
∂t
= L1(ψ), aR
∂2R
∂t2
+ eR
∂R
∂t
= L2(R), (19)
via an explicit-in-time discretization with t = n∆t. The constants aψ and aR are chosen
to maintain numerical stability of the scheme with the time step ∆t on the same order
as the spatial mesh, and the coefficients eψ and eR are chosen dynamically to optimize
convergence [5]. In practice, the right hand sides of Eq. (19) are preconditioned to accel-
erate convergence, and the iteration is actually performed in Fourier space by updating
the Fourier coefficients of R and ψ with respect to the angular coordinates [15].
An example of a numerical solution with a resonant flux surface computed using
NSLAB is shown in Fig. 2, demonstrating that the slab geometry also supports singular
behavior similar to that observed using NSTAB. The spacing of the flux surfaces reflects
a resonance where ι(s) = 1, and the surfaces display a corresponding symmetry with
poloidal and toroidal mode numbers (m,n) = (1, 1). Further examples will be discussed
in more detail in Section 5. We first include a discussion of the singularities present in a
linerarized treatment of small amplitude perturbations of a planar geometry.
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3 Linearized Equations
To illustrate the resonances at rational flux surfaces, it is useful to consider the linearized
governing equations for small-amplitude perturbations of two planar flux surfaces bound-
ing the plasma. specifically, we consider a perturbation expansion of the MHD equilib-
rium relative to a one-dimensional base state corresponding to flat walls z0 = a0 and
z1 = b0. We consider a normal mode perturbation of the system with wavenumber
(m,n), with a small expansion parameter , ||  1, which results in a linear problem at
first order in . The expansion is performed with the aid of a computer algebra system;
we omit the details and summarize the results.
The perturbed bottom and top walls are assumed to take the form
z0(u, v) = a0 + amn cos 2pi(mu− nv), z1(u, v) = b0 + bmn cos 2pi(mu− nv), (20)
respectively, and their difference z2(u, v) = z1(u, v)− z0(u, v) is denoted by
z2(u, v) = c0 + cmn cos 2pi(mu− nv), (21)
with cmn = bmn − amn. The corresponding expansion for R(s, u, v) is
R(s, u, v) = R0(s) + Rmn(s) cos 2pi(mu− nv) +O(2), (22)
and that for ψ(s, u, v) is
ψ(s, u, v) = pi[u− ι(s)v] + ψmn(s) sin 2pi(mu− nv) +O(2). (23)
Note the presence of the sin function as opposed to the cos function for R for the normal
mode representation of ψ(s, u, v), which corresponds to the difference in the number of
derivatives appearing for ψ(s, u, v) and R(s, u, v) in the governing equations.
3.1 Base State
Expanding in  gives the leading order nonlinear ordinary differential equation for the
one dimensional base state,
R′′0(s)−
[
L2x ι(s) ι
′(s)
(L2y + [ι(s)]
2 L2x)
]
R′0(s)−
[
c20L
2
x L
2
y p
′(s)
pi2(L2y + [ι(s)]
2 L2x)
]
[R′0(s)]
3 = 0, (24)
10
with R0(0) = 0 and R0(1) = 1. The solution depends on the dimensions a0, b0, Lx
and Ly of the system, the rotational transform ι(s), and the pressure gradient p
′(s). In
the force-free case with p′(s) = 0, and with zero shear, ι′(s) = 0, the solution is just
R0(s) = s. The general case requires the numerical solution of this nonlinear differential
equation.
3.2 First Order Equations
At first order, we obtain a linear equation that can be solved for the perturbation ψmn(s)
in terms of cmn/c0 and R
′
mn(s)/R
′
0(s),
ψmn(s) =
[L2ym+ L
2
xnι(s)]
2[L2ym
2 + L2xn
2]
[
cmn
c0
+
R′mn(s)
R′0(s)
]
. (25)
The perturbation Rmn(s) satisfies the linear second order ordinary differential equation
α1R
′′
mn(s) + α2R
′
mn(s) + α3Rmn(s) + γ = 0, (26)
where the coefficients in these equations are
α1 =
−LxLypi2[n−mι(s)]2
c0(L2ym
2 + L2xn
2)[R′0(s)]2
, (27)
α2 =
LxLypi
2[L2x(3nι(s)−mι(s)2) + 2L2ym] [n−mι(s)] ι′(s)
c0(L2ym
2 + L2xn
2)(L2y + L
2
x[ι(s)]
2)[R′0(s)]2
(28)
+
3c0L
3
xL
3
y[n−mι(s)]2p′(s)
(L2ym
2 + L2xn
2)(L2y + L
2
x[ι(s)]
2)
α3 =
4c0pi
4[n−mι(s)]2)
LxLy
, (29)
and the inhomogeneous term is
γ =
2cmnL
3
xL
3
y R
′
0(s) [n−mι(s)]2 p′(s)
(L2ym
2 + L2xn
2)(L2y + L
2
x[ι(s)]
2)
(30)
+
2cmnLxLypi
2 [L2ym+ L
2
xn] [n−mι(s)] ι(s) ι′(s)
c20(L
2
ym
2 + L2xn
2)(L2y + L
2
x[ι(s)]
2)R′0(s)
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+
4pi4 [amn + cmnR0(s)] [n−mι(s)]2
LxLy
.
Note the common appearance of the resonant factor [n − mι(s)] in each coefficient.
In particular, the terms involve the factors [n − mι(s)]ι′(s) and [n − mι(s)]2p′(s). For
vanishing shear, ι′(s) = 0, each remaining term contains a quadratic factor of [n−mι(s)]2,
and the singularity at ι(s) = n/m is removable. This result is in agreement with the well-
known result that nonsymmetric equilibria with nested flux surfaces can be constructed
for constant rotational transform [16, 13]. On the other hand, with moderate shear
ι′(s0) 6= 0 at the resonant surface s = s0, Eq. (26) is singular at s0, and the leading order
behavior of the singularity does not change qualitatively with changes in p′(s0). The
case of small shear is thus a singular limit of Eq. (26), and finite pressure effects can be
significant in this case.
3.3 Numerical Example
As an example, we take Lx = Ly = 1, a0 = amn = 0, b0 = bmn = 1, and
ι(s) = 0.25 + 0.5 s, p(s) = 1.5 s(1− s), (31)
and we consider the resonant surface where ι(s) = 1/3 by adding a (3, 1) harmonic to
the external boundary. A finite difference solution for R31(s), and the corresponding
solution ψ31(s), is shown in Figure 3. We do not attempt any special treatment of the
singularity in this simple case, since this is consistent with the specific finite difference
scheme employed in NSTAB and NSLAB, and the solution in Fig. 3 should therefore
reproduce the behavior expected in those codes for small amplitude perturbations. In
this case, the resonant surface where ι(s) = 1/3 at s ≈ 0.167 does not lie on the numerical
grid, and the solution is exhibiting singular behavior at nearby mesh points. Note that
there are continuous gradients in R31(s) (and in ψ31(s), which is coupled to R
′
31(s)) near
the walls where R31(s) vanishes, although these smooth variations are easily distinguished
from the singular behavior at the resonant surface.
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Figure 3: Numerical solution of Eqs. (25) and (26) for R31(s) and ψ31(s) for
the parameters and profiles given in Section 3.3 using 64 grid points (black
dots) and 128 grid points (blue curves). A singularity is present at the surface
where ι(s) = 1/3.
4 NSLAB Numerical results
We start the discussion of the NSLAB numerical results with a comparison of the lin-
earized results from the previous section with a corresponding nonlinear NSLAB compu-
tation for a small-amplitude, single-mode perturbation of the upper wall. Our examples
will all feature a flat lower surface, z0(u, v) = 0, with Lx = Ly = 1.
4.1 Comparison of NSLAB and Linearized Results
We consider a force-free case with p′(s) = 0 and rotational transform ι(s) = 0.95 + 0.1s,
focusing on a (1, 1) mode at the resonant surface s0 = 1/2. The upper surface is given
13
Figure 4: Comparison between the linearized solution (blue curve) and the corre-
sponding NSLAB computation (black dots) for the slab equilibrium described in
Section 4.1.
by
z1(u, v) = 1 + ∆11 cos 2pi(u− v), (32)
with amplitude ∆11 = 10
−4. The comparison is illustrated in Fig. 4, where we show
ψ11 given by the analytic linear calculation and the (1, 1) Fourier harmonic of NSLAB’s
nonlinear solution for ψ(s, u, v). On a mesh of 25 points, the agreement is seen to be
quite satisfactory. The numerical solution for ψ11(s) shows a localized peak at the three
mesh points centered at s0 = 1/2. As a rough indicator of the strength of the singularity,
we use
D2ψ11 =
ψ11(s0)− [ψ11(s0 + h) + ψ11(s0 − h)]/2]
h2
≈ 1
2
d2ψ11
ds2
(s0) (33)
where h is the mesh spacing in s. As well as approximating ψ′′11(s0)/2, D
2ψ11 characterizes
the peak amplitude relative to the average value of the two neighboring values. Since
J = ∇ × [∇ × (ψ∇s)], ψ′′11(s0) is an effective measure of the singular current strength.
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For the case shown in Fig. 4, we find D2ψ11 = 0.5938. At this point, we stress that we
recognize that the computation of equilibria with a localized singularity on a fixed mesh
is necessarily plagued by relatively high levels of truncation error. However, we will not
be concerned by this numerical issue since our goal for the remainder of the article is
to find appropriate wall shapes that, as much as possible, eliminate these singularities.
The resulting smooth solution can then achieve the level of accuracy that is expected of
a second-order-accurate finite difference scheme.
4.2 Eliminating Current Sheets by Wall Modification
The remainder of the article focuses on our central motivation for this work, namely the
elimination current sheets by suitable modifications of the shape of the upper wall. We
consider various cases with one, two, and three resonant surfaces for force-free equilibria
with p′(s) = 0 or for finite pressure equilibria with p(s) = p0(1 − s2)2. In this study,
we consider relatively weak current sheets that can be eliminated by small amplitude
perturbations of a flat upper wall. We generally represent the upper wall as a finite
Fourier series
z1(u, v) =
∑
m,n
∆mn cos 2pi(mu− nv) (34)
where the mean position of the wall is ∆00 = 1. The magnitude of the pressure in the
finite-pressure equilibria we will study will be expressed in terms of the usual β parameter,
defined by
β =
2
∫
V
p dV∫
V
|B|2dV , (35)
and which can be determined from a numerical integration once the solution has been
computed.
4.2.1 Single Resonant Surface
For the case of a single resonant surface, we consider the rotational transform profile
ι(s) = 0.35 + 0.3s. To generate a (2,1) current sheet, we start with a perturbed upper
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wall with (2, 0) and (0, 1) harmonics,
z1(u, v) = 1 + 0.01 cos 4piu+ 0.01 cos 2piv. (36)
The nonlinear interaction of the (2, 0) and (0, 1) modes is found to generate at quadratic
order a (2, 1) mode that triggers a current sheet at the resonant surface s0 = 1/2, where
ι(s0) = 1/2.
Some numerical results are given in Fig. 5 for a case with p0 = 0.3 corresponding to
β = 2.5%. The top two plots in the figure show the (2, 1) Fourier components R21(s) and
ψ21(s) of the computed solutions R(s, u, v) and ψ(s, u, v). It is also insightful to consider
the profiles for two other quantities which have an immediate physical interpretation,
namely the parallel current density and the Jacobian of the coordinate transformation,
which can be viewed as a measure of the distortion of the flux surfaces associated with
the appearance of a current sheet. The (2, 1) Fourier component of the parallel current,
Jp21(s), and that of the Jacobian, JD21(s), are shown as the bottom two plots in Fig. 5.
Both the parallel current and the Jacobian profiles show singular behavior that is quali-
tatively similar to ψ21(s), with peaked singularities that are localized near s = s0. In our
computations, we generally find that the behavior of the parallel current profiles Jpmn(s)
is faithfully mirrored by that of the ψmn(s) profiles.
On the left-hand side of Fig. 6, we show the parallel current profile in the vicinity of
the resonant surface s = s0 for a series of mesh refinements using ns = 25, 49, 65, and 97
mesh points for the s coordinate. With decreasing mesh size 1/ns the peak increases in
magnitude, while the width of the peak decreases. The figure on the right-hand side of
Fig. 6 shows a scaled version of the figure on the left-hand side of Fig. 6, where the vertical
axis is scaled by ns2 and the horizontal axis by 1/ns. We observe that a satisfactory
calculation of the singularity is captured using a relatively crude mesh. This can be
attributed to the use of a carefully designed conservative difference scheme in NSLAB
(following that used in NSTAB), which avoids smearing the singularity over too many
neighboring mesh points.
We next consider the feasability of eliminating the singularity at the s0 = 1/2 surface
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by varying the fundamental harmonic ∆21 of the wall perturbation. We consider p0 =
0.68, corresponding to a high-beta equilibrium with β = 5.8%. The profile for the (2, 1)
Fourier component ψ21(s) of ψ(s, u, v) for ∆21 = 0 is shown in the top figure in Fig. 7.
The quadratic interaction of the (2, 0) and (0, 1) wall perturbations has generated a
small-amplitude current sheet with a negative value of ψ21(s0). The corresponding value
of D2ψ21 in Eq. (33) is D
2ψ21 = −1.076. If we then explicitly introduce a (2,1) wall
perturbation of amplitude ∆21, so that
z1(u, v) = 1 + 0.01 cos 4piu+ 0.01 cos 2piv + ∆21 cos 2pi(2u− v) (37)
we find that the peak in ψ21(s0) monotonically increases from negative values, through
zero, and then on to positive values as ∆21 is increased from zero through positive values.
For example, the bottom-most plot in Fig. 7 for ∆21 = 0.003 shows a positive peak in
ψ21(s0), with D
2ψ21 = 1.301. At the intermediate value ∆21 = 0.00135870, we find that
D2ψ21 passes through zero, and the middle figure in Fig. 7 corresponding to that case
shows a smooth profile for ψ21(s) in the vicinity of the resonant surface: the singularity
has been removed. In Fig. 8, we show the corresponding plots for the (2, 1) Fourier
component R21(s) of the other dependent variable R(s, u, v), which also exhibits singular
behavior at s0 that is similarly eliminated by modifying the shape of the upper wall.
The critical value of the (2, 1) wall perturbation ∆21 that eliminates the current sheet
with D2ψ21 = 0 can be computed by performing a series of NSLAB runs, effectively
conducting a root-finding search by considering D2ψ21 to be a function of ∆21. More
efficiently, this search can instead be incorporated into the overall NSLAB iterative pro-
cedure in Eq. (19) by appending an additional evolution equation
a21
d∆21
dt
= −D2ψ21 (38)
where a21 is a positive relaxation coefficient. In this way, the critical value of the wall
perturbation ∆21 that drives the singularity amplitude D
2ψ21 to zero as the iteration
converges can be found in a single NSLAB run.
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In Fig. 9, we again consider the rotational transform profile ι(s) = 0.35 + 0.3s, for
a force-free equilibrium p′(s) = 0. In this case, we find an optimal value of ∆21 =
0.00160445 that results in D2ψ21 ≈ 0. Comparing with the corresponding profiles in
Fig. 7, we find that decreasing β to zero amplitude has reduced the peaks in ψ21 by
roughly half; the same is true for the corresponding values of D2ψ21. We generally find
that the sensitivity of the amplitude of the computed current sheets to β is increased as
the shear ι′(s) decreases. For larger shear, the results tend to become insensitive to β;
this is consistent with the findings for the linear analysis of normal modes described in
the previous section.
4.2.2 Two Resonant Surfaces
We next consider the rotational transform profile ι(s) = 0.4 + 0.4s, which includes the
low-order rationals ι = 1/2 and ι = 2/3, and we trigger singularities by prescribing the
fixed wall perturbations with (2, 0) and (0, 1) components to generate a (2, 1) mode via
nonlinear coupling, and wall perturbations with (3, 0) and (0, 2) components to generate
a (3, 2) mode, so that we have two prominent resonant surfaces for ι = 1/2 and ι = 2/3.
Specifically, the upper surface is
z1(u, v) = 1 + 0.01 cos 4piu+ 0.01 cos 2piv + ∆21 cos 2pi(2u− v) (39)
+ 0.01 cos 6piu+ 0.01 cos 4piv + ∆32 cos 2pi(3u− 2v).
The resulting equilibrium with pressure profile p(s) = 0.75(1 − s2)2, corresponding to
β = 5.8%, and ∆21 = ∆32 = 0 is shown in Fig. 10. The profiles for ψ21(s) and ψ32(s) are
plotted on similar scales but with an inset for ψ21(s) to better show the (2, 1) singularity
around s21 ≈ 0.26. To eliminate the singularities, we generalize the iteration in Eq. (38)
to
a21
d∆21
dt
= −D2ψ21, a32d∆32
dt
= −D2ψ32, (40)
where D2ψ21 and D
2ψ32 are based at s21 and s32, respectively. The iteration produces
critical wall perturbation values ∆21 = 0.001147 and ∆32 = 0.001998 that eliminate
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the singularities as shown in Fig. 11. We mention here that to compute the critical wall
perturbation values ∆21 and ∆32, we have also used a quasi-Newton method in a separate
run, described in section 4.2.3, and obtained the same results. We note that the same
scales are used in the plots of Fig. 10 and Fig. 11. In Fig. 12 and Fig. 13, we show the
profiles of the parallel currents corresponding to Fig. 10 and Fig. 11, respectively. We
again observe that the Fourier harmonics ψ21 and ψ32 of ψ, and Jp21 and Jp32 of Jp have
the same behavior, and that we indeed eliminated the current singularity.
4.2.3 Three Resonant Surfaces
Our final case is to consider three resonant surfaces, with a rotational transform ι(s) =
0.4+0.5s admitting the low-order rationals 1/2, 2/3, and 3/4. For the force-free p′(s) = 0
case shown in Fig. 14, we set the boundary coefficients ∆20 = ∆30 = ∆40 = ∆01 = ∆02 =
∆03 = 0.01. There are singularities of ψ21, ψ32 and ψ43 around the flux surfaces s21 =
0.21154, s32 = 0.51923 and s43 = 0.71154, respectively. In this case, the generalization of
Eq. (40) to the computation with three resonant surfaces is very slow to converge, and we
have employed an alternate strategy. We observe that a change of one wall harmonic, say
∆21, can have a significant effect on all three singularities D
2ψ21, D
2ψ32, and D
2ψ43, so
that the straightforward procedure that drives each wall harmonic by its corresponding
singular mode in Eq. (38) or Eq. (40) can become ineffective. We therefore iterate on
the coefficients by coupling their influence though a simple version of a quasi-Newton
procedure, setting 
∆
(n+1)
21
∆
(n+1)
32
∆
(n+1)
43
 =

∆
(n)
21
∆
(n)
32
∆
(n)
43
− F−1

D2ψ
(n)
21
D2ψ
(n)
32
D2ψ
(n)
43
 , (41)
where F is the 3×3 Jacobian ∂(D2ψ21, D2ψ32, D2ψ43)/∂(∆21,∆32,∆43) computed approx-
imately via finite differences from separate NSLAB runs with varying wall perturbations.
Eq. (41) can also be regarded as the discretized form of a first order ordinary differential
equation in time that couples the dependence on the three wall harmonics. This proce-
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dure produces good values for the critical wall harmonics with only a few NSLAB runs,
and we find the critical values ∆21 = 0.00083, ∆32 = 0.00222, and ∆43 = 0.00192 as
shown in Fig. 15. In Fig. 16 and Fig. 17, we show the profiles of the parallel currents
corresponding to Fig. 14 and Fig. 15, respectively. We again observe that the behaviors
of the parallel current Jp21 and ψ21, Jp32 and ψ32, and Jp43 and ψ43 are qualitatively
similar.
5 Discussion
We have developed a modified version of the MHD equilibrium and stability code NSTAB
[15] in a slab geometry that avoids complications arising from the magnetic axis in toroidal
geometries. We have used this code to study the possibility of using suitable wall mod-
ifications to avoid the occurrence of singular current sheets that tend to arise at res-
onant flux surfaces where the rotational transform assumes low-order rational values
[6, 7, 12, 14]. We find that a simple iterative procedure can be used to eliminate one
or two current sheets, while a more complicated procedure that takes additional mode
coupling into effect suffices to remove three sheets. We have restricted our attention
to relatively weak current sheets that are generated by nonlinear interactions between
“sideband” wall harmonics that can resonate with the fundamental harmonics associated
with the resonant flux surfaces. We have considered both force-free examples and exam-
ples with finite pressure gradients. Remarkably, finite pressure gradients at the resonant
surfaces do not prevent us from removing the singularities at these surfaces, and do not
affect the behavior of our solver. This could be an artifact of our focus on slab equilib-
ria, although preliminary results in a toroidal geometry with the code NSTAB suggest
otherwise, as we have found that we are also able to remove current singularities with
finite pressure gradients in NSTAB stellarator equilibria. This is the subject of ongoing
research with results to be reported in the near future.
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Figure 5: Slab equilibrium with a single resonant surface. The rotational transform
profile is ι(s) = 0.35 + 0.3s, the pressure profile is p(s) = 0.3(1− s2)2, β = 2.5%, and
the wall perturbations correspond to ∆20 = ∆01 = 0.01 and ∆21 = 0. From top to
bottom, we plot the Fourier component R21(s) of R(s, u, v), the Fourier component
ψ21(s) of ψ(s, u, v), the Fourier component Jp21(s) of the parallel current Jp(s, u, v),
and the Fourier component JD21(s) of the Jacobian J(s, u, v), all as a function of
flux surface coordinate s.
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Figure 6: Single resonant surface : the rotational transform ι(s) = 0.35+0.3s and the
pressure field p(s) = 0.3(1− s2)2, with β = 2.5%. The Fourier component Jp21(s) of
the parallel current Jp(s, u, v) (see (17)), as a function of flux surface s with the wall
perturbations ∆20 = ∆01 = 0.01 and ∆21 = 0. The parallel current profiles Jp21(s)
near s = 0.5 for the mesh refinements using ns = 25, 49, 65, and 97 points in the s
coordinates (left) and their scaled versions (right).
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Figure 7: The Fourier component ψ21(s) of ψ(s, u, v) as a function of the flux co-
ordinate s for slab equilibria with rotational transform profile ι(s) = 0.35 + 0.3s,
pressure profile p(s) = 0.68(1 − s2)2, so that β = 5.8%, wall perturbation ampli-
tudes ∆20 = ∆01 = 0.01, and three different amplitudes for ∆21: ∆21 = 0 (top),
∆21 = 0.000327101 (middle), and ∆21 = 0.003 (bottom).
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Figure 8: The Fourier component R21(s) of R(s, u, v) as a function of the flux co-
ordinate s for slab equilibria with rotational transform profile ι(s) = 0.35 + 0.3s,
pressure profile p(s) = 0.68(1 − s2)2, so that β = 5.8%, wall perturbation ampli-
tudes ∆20 = ∆01 = 0.01, and three different amplitudes for ∆21: ∆21 = 0 (top),
∆21 = 0.000327101 (middle), and ∆21 = 0.003 (bottom).
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Figure 9: The Fourier component ψ21(s) of ψ(s, u, v) as a function of the flux coor-
dinate s for force-free equilibria with rotational transform profile ι(s) = 0.35 + 0.3s,
wall perturbation amplitudes ∆20 = ∆01 = 0.01, and three different amplitudes for
∆21: ∆21 = 0 (top), ∆21 = 0.00160445 (middle), and ∆21 = 0.003 (bottom).
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Figure 10: The (2,1) Fourier component ψ21(s) (top) and the (3,2) Fourier com-
ponent ψ32(s) (bottom) of ψ(s, u, v) as a function of the flux coordinate s for a
slab equilibrium with rotational transform profile ι(s) = 0.4 + 0.4s, the pressure
profile p(s) = 0.75(1 − s2)2, giving β = 5.8%, and wall perturbation amplitudes
∆20 = ∆30 = ∆01 = ∆02 = 0.01 and ∆21 = ∆32 = 0. See Fig. 12 for the correspond-
ing parallel current Jpmn profiles.
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Figure 11: The (2,1) Fourier component ψ21(s) (top) and the (3,2) Fourier com-
ponent ψ32(s) (bottom) of ψ(s, u, v) as a function of the flux coordinate s for a
slab equilibrium with rotational transform profile ι(s) = 0.4 + 0.4s, pressure profile
p(s) = 0.75(1 − s2)2, giving β = 5.8%, wall perturbation amplitudes ∆20 = ∆30 =
∆01 = ∆02 = 0.01, ∆21 = 0.001147, and ∆32 = 0.001998. Comparing this figure with
figure 10, we observe that the singularity has been eliminated. See Fig. 13 for the
corresponding parallel current Jpmn profiles.
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Figure 12: The (2,1) Fourier component Jp21(s) (top) and the (3,2) Fourier compo-
nent Jp32(s) (bottom) of Jp(s, u, v) as a function of the flux coordinate s for a slab
equilibrium with rotational transform profile ι(s) = 0.4 + 0.4s, and pressure profile
p(s) = 0.75(1 − s2)2, corresponding to β = 5.8%, and wall perturbation amplitudes
∆20 = ∆30 = ∆01 = ∆02 = 0.01 and ∆21 = ∆32 = 0.
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Figure 13: The (2,1) Fourier component Jp21(s) (top) and the (3,2) Fourier compo-
nent Jp32(s) (bottom) of Jp(s, u, v) as a function of the flux coordinate s for a slab
equilibrium with rotational transform profile ι(s) = 0.4 + 0.4s, and pressure profile
p(s) = 0.75(1 − s2)2, corresponding to β = 5.8%, and wall perturbation amplitudes
∆20 = ∆30 = ∆01 = ∆02 = 0.01, ∆21 = 0.001147, and ∆32 = 0.001998. Comparing
these figures with Figure 12, we see that the current singularity has been eliminated.
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Figure 14: The (2,1) Fourier component ψ21(s) (top), the (3,2) Fourier component
ψ32(s) (middle) and the (4,3) Fourier component ψ43(s) (bottom) of ψ(s, u, v) as a
function of the flux coordinate s for a force-free slab equilibrium with three reso-
nant surfaces. The rotational transform profile is ι(s) = 0.4 + 0.5s, and the wall
perturbation amplitudes are ∆20 = ∆30 = ∆40 = ∆01 = ∆02 = ∆03 = 0.01 and
∆21 = ∆32 = ∆43 = 0. See Fig. 16 for the corresponding parallel current Jpmn
profiles.
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Figure 15: The (2,1) Fourier component ψ21(s) (top), the (3,2) Fourier component
ψ32(s) (middle) and the (4,3) Fourier component ψ43(s) (bottom) of ψ(s, u, v) as a
function of the flux coordinate s for a force-free slab equilibrium with three resonant
surfaces. The rotational transform profile is ι(s) = 0.4 + 0.5s, and the wall pertur-
bation amplitudes are ∆20 = ∆30 = ∆40 = ∆01 = ∆02 = ∆03 = 0.01, ∆21 = 0.00083,
∆32 = 0.00222, and ∆43 = 0.00192. Comparing these figures with Figure 14, we see
that this particular choice of ∆21, ∆32, and ∆43 = 0.00192 allowed us to eliminate the
singularities at the resonant surfaces. See Fig. 17 for corresponding parallel current
Jpmn profiles.
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Figure 16: The (2,1) Fourier component Jp21(s) (top), the (3,2) Fourier component
Jp32(s) (middle) and the (4,3) Fourier component Jp43(s) (bottom) of Jp(s, u, v)
as a function of the flux coordinate s for a force-free slab equilibrium with three
resonant surfaces. The rotational transform profile is ι(s) = 0.4 + 0.5s, and the wall
perturbation amplitudes are ∆20 = ∆30 = ∆40 = ∆01 = ∆02 = ∆03 = 0.01 and
∆21 = ∆32 = ∆43 = 0.
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Figure 17: The (2,1) Fourier component Jp21(s) (top), the (3,2) Fourier component
Jp32(s) (middle) and the (4,3) Fourier component Jp43(s) (bottom) of Jp(s, u, v)
as a function of the flux coordinate s for a force-free slab equilibrium with three
resonant surfaces. The rotational transform profile is ι(s) = 0.4 + 0.5s, and the
wall perturbation amplitudes are ∆20 = ∆30 = ∆40 = ∆01 = ∆02 = ∆03 = 0.01,
∆21 = 0.00083, ∆32 = 0.00222, and ∆43 = 0.00192. Comparing these profiles to the
parallel current profiles in 16, we note that this choice of amplitudes for ∆21, ∆32,
and ∆43 led to the elimination of the current singularities at the resonant surfaces.
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